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In this paper we consider energies depending on two vector fields with different behaviours: u £ VF 1 ' 1 (fi; R d )n 
LP(n]R d ), v e i«(^;M m ), ft being a bounded open set of R N . The functional I : BV(rt]R d ) x 
L9(fi;M m ) — > R U {+00} that we consider is defined by 



I{u, v) 



W(x, u(x), Vu(x)) dx + / (p(x,u(x),v(x)) dx 
n Jn 

if (u,v) e (w hl (n-,R d ) nL p (n-,R d )) xL«((i ; r), 

-00 otherwise, 



where W : ft xW 1 xW ixN — !>Risa continuous function with linear growth from above and below in the 
■ gradient variable, <p : ft x R d x R m M is a Carathcodory function (that is (p(-,u, v) is measurable for 

all (ti, w) G R d x R m and ^(x, •, •) is continuous for a.e. x G f2), with growth p and g respectively in the 
variables u and v. 

Our results can be considered as a first step towards the analysis of functionals of the type 
f n V(x, u, Vu, v)dx, which generalizes those considered by [14], [15] and [10], to deal with equilibria for 
systems depending on elastic strain and chemical composition. In this context a multiphase alloy is 
represented by the set it, the deformation gradient is given by Vm, and v denotes the chemical composition 
of the system. 

In [14], V = V(Vu, v) is a cross-quasiconvex function, while in our decoupled model we also take into 
account heterogeneities and the deformation without imposing any convexity restriction neither on W 
nor on (p. Moreover when (p = 0, the functional in (1.1) recovers the one in [17] without quasiconvexity 
assumptions. 

Additive models like the one we are addressing can also be found in imaging models, like those 
considered in [4, 5, 6], i.e. 

mi(\Dum) + ^-U-u-v\\l 2 \ (1.2) 



2A 1 

where <f> is a given image and A a scaling factor for the L 2 norm of the fidelity term — (u + v). 
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In order to deal with the minimization of (1.1), since there may be a lack of lower scmicontinuity, it 
is necessary to pass to the relaxed functional defined in BV(Cl;R d ) x L q (il;R m ) 

I(u,v) := inf iliminf I(u n ,v n ) : (u n ,v n ) E BV(ri;R d ) x L q (Q;R m ) : u n -)■ u in L\v n v in L 9 \ , 



n— > + oa 



(1.3) 

and prove a representation result for /. 

It is worthwhile to remark that for q = 1, the functional / may fail to be sequentially lower semicon- 
tinuous. However, as we will observe below, this can be achieved provided that ip is uniform continuous, 
cf. (1.10). 

We prove the following theorem. 

Theorem 1.1. Let p > 1 and q > 1 and let fl C R N be a bounded open set. Assume that W : 
f2 x R d x R dxN — > R is a continuous function, satisfying 



1 



ft) 3 00: ■g\t\-C<W(x,u,t)<C{l + \t\), V{x,u,t)eil 



X 1KT X 



sdxN. 



(ii) for every compact subset K of CI x R d there is a continuous function u>k '■ [0,+oo) — > R with 
Wr-(O) = 0, and such that 



\W(x,u,Z)-W(x',u',Z)\<uj k (\x-x'\ + \u-u'\)(1 + \Z\), V {x,u,Q,tf,u',t)£Kx 

(Hi) for every xq £ CI and for every e > there exists 8 > such that 

\x -x \ < 6 ^ W(x, u, - W(x , u, f) > -e(l + V (u, f) e M d x M dx w ; 

(?iy) i/iere ea;is£ a € (0, 1), and C, L > swc/i i/iai 



tdxN . 



m\>L 



W(x,u,t£) 



< c^—, v {x,u,0 e n x R d x R dxN ,t e 



Moreover let ip : O x R d x R m R be a Caratheodory function, satisfying 

(v) 3 C > : ^(\u\ p + \v\ q ) -C < (fi(x,u,v) < C(l + \u\ p + \v\ q ), V (x,u,v) e n x R d x R m . 

/// is defined by (1.1) and 1 is defined by (1.3) then, for every u G BV(ri;R d ) n L p (fl;R d ) and 
v £ L q (ri]R m ), the following identity holds: 

I(u,v) = / QW(x, u(x), Vu(x)) dx + / 7(2:, u + , u~, v u ) dH N ~ 1 + 

„ ^ (1-4) 
(QW0°° (a;,u(a;),-^Ji ) d|D c n| + / Cip(x,v(x), v(x)) dx. 



d\D c i 



Remark 1.2. 



i) An example of an integrand W satisfying the assumptions of Theorem 1.1 is given, by W(x, u, F) := 
f(x)h(u)g{F), where f : f2 C R 2 — > R and h : M 2 — > R are continuous bounded functions, bounded 
from below by a strictly positive constant, g : R 2x2 —> R where g(F) := \Fn — F22 + I-F12 + -F21I + 
min{|i 7 'ii + -F22I, \Fi2 ~~ -F21I} is the function in [17, Example 2.18], which is not quasiconvex. For 
what concerns if we can take (p(x, u, v) = f(x)(\u\ p + gi(v)), with f as above and gi : R m — > R any 
double well function with the required growth, as for example g\{v) = [\v\ — \) p . 

ii) In order to describe the right hand side of (1-4) we recall that for every x £ tt, QW(x, u, •) stands 
for the quasiconvexification of W , cf. (2.1), while (QW)°° denotes the recession function of QW 
with respect to the last variable as introduced in Definition 2.4, and 7 stands for the surface integral 
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density, defined in (2.8). Finally for every (x,u) £ fl x M. d , Cip stands for the convex envelope (or 
convexification) of ip(x, u, ■), namely 

dp(x,u, •) := supjg : M m — > M : 5 convex, g(v) < tp(x,u,v) \/v}. (1-5) 

Classical results in Calculus of Variations ensure that, if ip takes only finite values then Cip coincides 
with the bidual of ip, <p** , whose characterization is given below 

tp**(x,u, •) := sup{<? : R m — > R : g convex and lower semicontinuous, g(v) < ip(x,u,v) \/v}. (1.6) 

Hi) We observe that if ip = our results extends [17, Theorem 2.16] (see also [2, Theorem 5.54]) t° 
non quasiconvex functions. We stress the fact that our hypotheses are made on the non quasiconvex 
function W and thus we can't immediately apply the results in [17] to QW . 

Remark 1.3. 

• We observe that in the Sobolev setting, Theorem 1.1 can be proven without coercivity assumptions 
on p, indeed let f : Q X R d x M. dxN x R m — > R be a Caratheodory function satisfying 

0<f(x,u,tv)<C(l + \u\ p + \e + \v\ q ) 

for a.e. x € f2, for every (u,£,v) € R d x M. dxN x R m and for some C > 0. Consider for every 
1 < P, Q < +°o the following relaxed localized energy 



T (it, v; A) 



inf jliminf / / (x, u n (as) , Vu n (x) , v n (x)) dx : u n ->> u in W 1>p (A; R d ) , v n -± v in L q {A; R m ) 



\ n—too J 

(1.7) 

Then, in [10, Theorem 1.1] (cf. also [9]) it has been proven that, for every u E W 1,p (f2;R d ) , 
v S L f ' (0; R m ) and Aei (0) , 

J 7 (it, u; A) — / QC f (x,u (x) ,Vu (x) ,v (x)) dx, 

J A 

where QC f stands for the quasiconvex- convex envelope of f with respect to the last two variables, 
namely 

QCf(x,u,£,v) = 

M {W\L f{X ' ^ + V ^ (?/) ' V + V{V)) ^ 1 V G Vt/ ° 1 '° 0(jD; ?? G L °° (A R " l) ' j D dy = °} ' 

(1.8) 

D being any bounded open set. Clearly this equality recovers our setting, since it suffices to define 
for every (x, u, £, v) e fl x R d x R dxN x R m , f(x, u, £, v) := W(x, u, £) + <p(x, u, v). In fact it is 
easily seen that if f satisfies the above growth assumptions, then 

QCf(x, u, £, v) = QW(x, u, £) + C<p(x, u, v). 

• We notice that contrary to what one would expect from [17] and [15], our density tp does not need 
to satisfy a property analogous to ii) in Theorem 1.1 with respect to (x,u,v), indeed it is just a 
Caratheodory function. 

• We emphasize that the arguments adopted to prove the previous theorem strongly rely on the fact 
that the energy densities are decoupled. In particular, in the case q = 1, we will approximate the 
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functional I by adding an extra term with superlinear growth at oo in the v variable. This will 
ensure the sequentially weak lower semicontinuity of the relaxed approximating functional 

I £ (u, v) := inf < liminf / W(x, u n , Vu n ) dx + / (<p(x,u,v) + eO(\v\))dx : 
I n Jn Jn 

u n — > u in L 1 ,v n v in L 1 } , 

allowing us to adopt arguments similar to those exploited in the proof for the case q > 1. These 
techniques are well suited for the convex setting but we are not aware if a similar procedure is 
possible in the quasiconvex- convex framework. 

Having in mind the continuous embedding of BV(VL; R d ) in L N ~ 1 (fl; R d ) (assuming H C M. N ), we can 
obtain, in an easier way, the relaxation result as above. Indeed we can prove the following result. 

Theorem 1.4. Let Q C I 1 *' be a bounded open set, and let 1 < p < -J^rr and q > 1. Let W : Q x R d x 
R — > R be a continuous function satisfying (i)-j-(iw) of Theorem 1.1. Moreover let ip : Q xR d xR m -> R 
be a Caratheodory function satisfying (v) of Theorem 1.1 in the weaker form 

3C>0: -C <<p(x,u,v) <C(1 + M P + \v\ q ), V {x, u, v) £ O x R d x R m . (1.9) 

T/ien, for every (u,v) G 5^(0; R d ) x L9(f7;R m ), (1.4) Wrfs. 

Remark 1.5. Theorem 1.4 allows us to consider very general growth conditions also in [10, Theorem 
1.1} when decoupled energies are considered. 

The continuous embedding o/Sy(ri;R d ) into i"- 1 (fi; R d ) (with Q C R N ) allows us to obtain Theo- 
rem I.4., also replacing (1.9) by the following condition: 

3 C> : -\v\ q -C < cp(x,u,v) < C(l + |u| r + |«|« ), V (x,u,v) efix^xl" 1 
o 



and for some r £ 



1 ^ 



We observe that under assumptions (?) (w) of Theorem 1.1, [17, Theorem 2.16] ensures that the 
functional 

QW(x,u,Vu)dx+ f 7 (a;,ii + , U -,^)^ Ar " 1 + / (QW)°° fx, u, -4^— J d\D c u\ 
Jj n Jn V d|£> c u|y 

is lower semicontinuous with respect to the strong-L 1 topology. Moreover [16, Theorem 7.5] guarantees 
that 

Cip(x, u, v) dx 

is sequentially weakly lower semicontinuous with respect to £s trong x L^ eak -topology provided the function 
C(p is convex in the last variable, satisfies suitable growth conditions, as those in (2.5) and (2.6), and 
that the function Cip(x, •, •) is lower semicontinuous. We will observe in Remark 2.3 below that this latter 
condition may not be verified just under the assumptions of Theorems 1.1 and 1.4. On the other hand an 
argument entirely similar to [11, Theorem 9.5] guarantees that Ctp(x,-,-) is lower semicontinuous (even 
continuous) by assuming additionally that 

\<p(x,u,0-<p(x,u',Z)\<Lu'(\u-u'm\ + l) (1.10) 

for a suitable modulus of continuity u/, i.e. w' : R + U {0} — > R + U {0} continuous and such that oj'(Q) = 0. 

Consequently the supcradditivity of lim inf entails the sequentially strong- weak lower semicontinuity 
of the right hand side of (1.4) even for g = 1. 
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2 Notations and General Facts 



2.1 Properties of the integral density functions 

In this subsection we recall several notions applied to functions like quasiconvcxity, envelopes and recession 
function, etc. We also recall or prove properties of those functions that will be useful through the paper. 
Such notions and related properties will apply to the density functions that will appear in the relaxed 
functionals that we characterize. We start recalling the notion of quasiconvex function due to Morrey. 

Definition 2.1. A Borel measurable function h : R dxN — > R is said to be quasiconvex if there exists a 
bounded open set D of R N such that 

h{$<-^Jh(£ + V<p(x))dx, 

for every f £ M <ixAr . and for every cp G Wq'°°(D; R d ). 

If h : R dxN — > K is any given Borel measurable function bounded from below, it can be defined the 
quasiconvex envelope of h, that is the largest quasiconvex function below h: 

Qh{^) := sup{g(£) : g < h, g quasiconvex}. 

Moreover, as well known (see the monograph [11]), 

Q/i(0:=iiif ji^jT M£ + Vp(s))<te: <p e W^°°(D; , (2.1) 

for any bounded open set D C R N . 

Proposition 2.2. Let il C R N be a bounded open set and 

W : fi x R d x R dxN -> [0,+oo) 

be a continuous function. Let QW be the quasiconvexification of W (see (2.1)). Then the validity of (i) 
in Theorem 1.1 guarantees that there exists a constant C > such that 

ilfl -C < QW(x t u,£) < C(l + |f |), V (x,u,£) e Q x R d x R dxN . (2.2) 

The validity of (i) and (ii) of Theorem 1.1 ensures that for every compact set K C fl X R d , there 
exists a continuous function uj' k : K — > [0, +oo) such that uj' k (0) = and 

\QW{x,u,Cl-QW{x',u',C)\ <u)' K (\x-x'\ + \u-u'\)(l + \£\), V {x,u),(x',u') e ^, VeGR dxAr . (2.3) 
Conditions (i) and (Hi) of Theorem 1.1 entail that, for every xq € onci £ > 0, </iere exists 5 > 

|a? - so | < 5 ^ V (u, € K d x R dxW Q^(s, u, - QW(x ,u, > -e(l + (2.4) 

Moreover, ifW satisfies conditions (i) and (ii) of Theorem 1.1, QW is a continuous function. 

Remark 2.3. Analogous arguments entail that, under hypothesis (v) of Theorems 1.1 and 1.4, respec- 
tively, 

BOO: -^{\u\ p + \v\ q )-C <Cv{x,u,v) < C(l + \u\ p + \v\ q ), V (x, u, v) E Cl x R d x R m , (2.5) 

and 

BOO: hv\ q -C <C(p(x,u,v) <C{l + \u\ p +\v\ q ), V (x, u, v) e Q x R d x R m . (2.6) 

On i/ie other hand we emphasize that being (p as in Theorems 1.1 and 1.4, namely a Caratheodory 
function, this is not enough to guarantee that dp is still a Caratheodory function, cf. Example 9.6 in [11] 
and Example 7.14 in [16]. In particular dp turns out to be measurable in x, upper semicontinuous in u, 
convex and hence continuous in f. Furthermore if q > 1, [12, Lemma 4-3] guarantees that dp{x, •, •) is 
lower semicontinuous. 
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Proof. By definition of the quasiconvex envelope of W, it is easily seen that (i) of Theorem 1.1 entails 
(2.2) with the same constant appearing in (i). 

Next we prove (2.3). Let K be a compact set in fl x M. d and take (x, u), (x' , u') £ K. Let e > 0, then 
using condition (2.1), we find cp £ £ W '°°(Q; R d ), Q being the unitary cube, such that 

QW(x, u,0 > -e + f W(x, u,£ + VvM) dy- 

JQ 

Now, we observe that, by virtue of the coercivity condition expressed by (i) of Theorem 1.1 and by (2.2), 
it follows that 

U + V<Pe\\v <c(l + |f|). 

By condition (ii) of Theorem 1.1, for every (x, u), (x', v!) £ K and for every £ £ M. dxN , it results 

\W(x,u,0 - W(x',u',0\ < ojk(\x - x'\ + \u- u'|)(l + 
Then we can write the following chain of inequalities: 

QW(x,u,£) >-£+ I W(x,u,£ + Vp e {y))dy 
Jq 

>-e- f X(y)dy+ [ W(x',u',t + V<p £ (y))dy, 

JQ JQ 

where X(y) := \W(x,u,£ + Vip E (y)) — W(x',u',£ + Vy> E (y))|. We therefore get, from the definition of 
QW{x',u',£), that, 

QW(x',u',0-QW(x,u,0 < £ + u K (\x-x'\ + \u-u'\)(l + U + V<Pe\\ L i) 

< e + uj k {\x - x'\ + \u- u'\)(l + c(l + 

Since e is arbitrarily chosen, and since we can obtain in a similar way the same inequality with x in the 
place of x', and u in the place of u', we get (2.3). 

In order to prove condition (2.4), we fix xq £ ^ and e > 0. As before, for every x £ f2 and for every 
cr > 0, by (2.1), the coercivity condition expressed by (i) of Theorem 1.1, and by (2.2), there exist a 
constant c > and a function ip a £ Wq'°°(Q; M d ) such that 

QW{x,u,C)>-<t+ f W(x,u,£ + Vip a (y))dy, 
JQ 

with |k e + V^ CT || L1 <c(l + |£|). 

Thus arguing as above, and exploiting condition (Hi) of Theorem 1.1, we have the following chain of 
inequalities, for \x — xq\ < S with 5 as in condition (Hi) of Theorem 1.1, 

QW(x ,u,Z) < I W(x ,u^ + V^ a (y))dy 

Jq 

< [ W(x,u^ + V^(y))dy + e [ (1 + |f + VMtf)l) dy 

JQ JQ 

< QW(x,u,(,) + a + e(l + c(l + \t\)). 

Thus it suffices to let a go to in order to achieve the statement. 

Finally we prove the continuity of QW . We need to show that, for every e > and (2:0,1*0, £o) £ 
n x R d x M dxAr , there is 5 = 5(e,x ,u ,^ ) > such that 

\x-x \ + \u-u \ + \Z-Z \<5^\QW(x,u,£)-QW(x ,u ,£ )\ <e. (2.7) 
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Let e > be fixed. Since QW is quasiconvex on £, QW(xq,Ug, •) is continuous and thus we can find 
<5i = Si(e, xq,uq,£o) > such that 

|£-£o|<*i => \QW(xo,uo,0-QW(x ,u ,£o)\<^. 

Moreover, by virtue of (2.3), defining K := B a (xo, uq) for some a > such that K C £1 x R d , one has 

|£-£o|<£i \QW(x,u,£)-QW(xo,uo,Z)\ <Wx(k-»o| + |«-«o|)(l + |&| + *i). 
Since w^- is continuous and w^-(O) = 0, there is (52 = (^(e, if, £o) > such that 

\X - X Q \ + \u - U \ < S 2 U K (\X - X \ + \U- U \) < , i if I i , v 

2(1 + |?o| + 1J 

Consequently, by choosing 5 as min{<5i, J2}, the above inequalities, and the triangular inequality give 
indeed (2.7). □ 

We also recall the definition of the recession function. 

Definition 2.4. Let h : R dxN -> [0,+oo). The recession function of h is denoted by h°° : R — )• 
[0,+oo) 7 and defined as 

:=limsup^. 

t— >+oo t 

Remark 2.5. (i) Recall that the recession function is a positively one homogeneous function, that is 
g(tg) = tg(£) for every t > and £ £ R dxJv . 

(ii) Through this paper we will work with functions W : fl x R d x R dxJV — > [0, +00) and W^ 00 is the 
recession function with respect to the last variable: 

W~(x,u,t) ^limsup^'"'^. 

t— ¥+00 t 

We trivially observe that, if W satisfies the growth condition (i) in Theorem 1.1, then W°° satisfies 

b\t\<w°°(x,u,s)<c\z\. 

(iii) As showed in [17, Remark 2.2 (ii)], if a function h : R dxN — ► [0,+cxj) is quasiconvex and satisfies 
the growth condition h(£) < c(l + |£|), for some c > 0, then, its recession function is also quasiconvex. 

We now describe the surface energy density 7 appearing in the characterization of /. Let W : 
il x R d x R dxN —> R. By the notation above (QW)°° is the recession function of the quasiconvex 
envelope of W. Then 7 : fi x R" x R" x S^ 1 — > R is defined by 

j(x, a, b, v) = inf (QW)°°(x, 0(y), V0(y)) : £ -4(a, 6, , (2.8) 

where Q„ is the unit cube centered at the origin with faces parallel to u, v±, . . . , vn-i, for some orthonormal 
basis of M. N , {z/i, . . . , i/jv-i, f}, and where 

-4(0,6,1/) :={<j>eW 1 ' 1 (Qv,R d ):<t>(y) = ai£ <y,v>=^, 0(y) = 6 if < >= -1 

is 1 — periodic in the vn-i directions } . 

We observe that the function 7 is the same whether we consider in the set A{a, 6, u), W 1,1 (Q V , R d ) 
functions (like in [18] and [17]) or W 1 '°°(Q„,R d ) functions (like in [2, page 312]). Moreover, if W doesn't 
depend on u, W : Vt x R dxN -> R, then 7(2;, a, 6, 1/) = (QW)°°(x, (a - 6) ® 1/) (see [2, page 313]). 

Properties of the function (QW)°° will be important to get the integral representation of the relaxed 
functionals under consideration. In particular, a proof entirely similar to [7, Proposition 3.4] ensures that 
for every (x,u,£) £ Cl x R d x W lxN , Q(W°°)(x,u,£) = (QW)°°(x,u,0- 
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Proposition 2.6. Let W : ft x R d x R dxAr — > [0, +00) be a continuous function satisfying (i) and (iv) 
of Theorem 1.1. Then 

Q(W 00 )(x,u,t) = (QW)° (x,u,£) for every (x,u,£) e ft x R d x R dxN . (2.9) 

Proof. The proof will be achieved by double inequality. 

By definition of the quasiconvex envelope and the recession function, one gets (QW)°° < W°° and 
thus Q(QW)°° < Q(W°°). Since the recession function of a quasiconvex one is still quasiconvex, under 
hypothesis (i) of Theorem 1.1 (cf. Remark 2.5 (iii)) it follows that (QW) 00 < Q(W°°). 

In order to prove the opposite inequality we start noticing that, since by (i), the function W is bounded 
from below, we can assume without loss of generality that W > 0. Then fix (x, u, £) £ ft x R d x M. dxN 
and, for every t > 1, take ip t € Wq'°°(Q] R d ) such that 

/ W{x,u,t£ + Vy t {y))dy<QW(x,u,tt) + ^ (2-10) 

By (i) and (2.2) wc have that || ^(iV'OIIl^q) < C* for a constant independent of t but just on £. 
Defining ip t = j(p t , one has ip t S W 1 ' oo (<5; M 6 ') and thus 

Q(t¥ oo )( a :, U ,0 < / W°°(x,u,Z + VMv))dV- 

Jq 

Let L be the constant appearing in condition (iv) of Theorem 1.1, we split the cube Q in the set 
{y G Q : i|£ + V^(y)| < L} and its complement in Q. Then we apply condition (iv) and the growth of 
W°° observed in Remark 2.5 (ii) to get 

Applying Holder inequality and (2.10), we get 

«(^)(x,»,o < ^(/| ft v«)" t » + 4 

and the desired inequality follows by definition of (QW)°° and using the fact that V^t has bounded L 1 
norm, letting t go to +00. □ 

The property of (QW)°° stated next ensures that QW together with (QW)°° satisfy the analogous 
condition to (iv) of Theorem 1.1. To this end we first observe, as emphasized in [17], that (iv) in Theorem 
1.1 is equivalent to say that there exist C > and a £ (0, 1) such that 

\W°°(x,u,0-W(x,u,Z)\ <C(l + \e~ a ) (2.H) 
for every (x, u, £) 6 ft x M. d x M dxAr . Precisely we have the following result. 

Proposition 2.7. Let W : ft x M. d x R dxAr — > [0, +00) &e a continuous function satisfying (i) and (iv) 
of Theorem 1.1. Then, there exist a G (0, 1), and C > smc/i t/iat 

|(QW0°°(x,w,£) -QW(x,u, 01 < C(l + |e| 1_Q ), V (x,u,f) e!!xl J x M dxW . 

Proof. The thesis will be achieved by double inequality. Let a G (0, 1) be as in (iv) of Theorem 1.1, see 
also (2.11). Let ^ £ M. dxN , let Q be the unit cube in M. N and let c be a positive constant varying from 
line to line. For every e > by (2.1), find ip £ Wq' 00 (Q;R d ) such that 

QW(x,u,0> [ W(x,u,£ + \7v(y))dy-E. 

JQ 
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By (i) of Theorem 1.1 and by (2.2) there exists c > such that 

lie + V^|Ux <c(l + |e|). (2.12) 

Since by Proposition 2.6 it results 



we have 

(QW)°°(x,u,t)-QW(x,u,Z)< f (W°° (x,u,S + Vtp(y)) -W(x,u,t + V<p{y))) dy + e. 

JQ 

Applying (2.11), we obtain 

(QW)°°(x,u,0-QW(x,u,0 < ^(l + lH + V^y)] 1 - ) dy + e 



<c 1+ / \Z + Vv(y)\ L - a dy + 



<c + c^\Z + V<p(y)\dy 

< c +c 2 (i + ier-") + e 
<c(i + ier- Q ) + e. 



1-a 

+ £ 



\1 — a 



where in the last lines we have applied Holder inequality, (2.12) and we have estimated the term (1+|£|) 
by separating the cases |£| < 1 and |£| > 1 and summing them up. To conclude this part it suffices to 
send e to 0. 

In order to prove the opposite inequality we can argue in the same way. Let £ £ R dxN . For every 
e > 0, by (2.1) and Proposition 2.6 there exists ip e W^°°(Q;M. d ) such that 

(QWr(x,u,£)> f W°°(a:,u,e + VV(v))dtf-e. 



JQ 

Clearly, by (2.2), (i) of Theorem 1.1 and (ii) of Remark 2.5 there exists C > such that 

IK + WlUi <C|£|+ £ . (2.13) 

By (2.1) it results 

QW(x, M ,£)< / W(ar,u,f + W(y))dy ) 



hence 

QW(x,u,0-(QWr(x,u,Z)< [ {W{x,u,ti + V^{y))-W°°{x,u,ti + V^{y)))dy + e. 

JQ 

Now, (iv) of Theorem 1.1 in the form (2.11) provide 

QW(x,u,0-(QW)°°(x,u,$ <C f (l + \Z + V^( y )\i-<*)dy + e< 

JQ 

<c\i+\e- a )+e, 

where in the last line it has been used Holder inequality, (2.13) and an argument entirely similar to the 
first part of the proof. By sending £ to we conclude the proof. □ 
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2.2 Some Results on Measure Theory and BV Functions 

Let O be a generic open subset of R N , we denote by A4(il) the space of all signed Radon measures in 
with bounded total variation. By the Riesz Representation Theorem, Ai(fl) can be identified to the 
dual of the separable space Co(^) of continuous functions on Q vanishing on the boundary dQ. The TV- 
dimensional Lebcsgue measure in is designated as C N while H N ~ 1 denotes the (N — l)-dimcnsional 
Hausdorff measure. If u G A4(Q) and A G is a nonnegative Radon measure, we denote by the 

Radon-Nikodym derivative of p: with respect to A. By a generalization of the Besicovich Differentiation 
Theorem (see [1, Proposition 2.2]), it can be proved that there exists a Borel set E C fi such that 
\{E) = and 

^(x) = lim ^ + PG 2 for all x G Supp fi \ E (2.14) 

d\ y ' P ^o+ \{x + pC) x y ' 

and any open convex set C containing the origin. (Recall that the set E is independent of C.) 

We say that u G L 1 ^; M. d ) is a function of bounded variation, and we write u G BV(£l; R d ), if all its 
first distributional derivatives DjUi belong to for 1 < i < d and 1 < j < N. We refer to [2] for a 

detailed analysis of BV functions. The matrix-valued measure whose entries are DjUi is denoted by Du 
and \Du\ stands for its total variation. By the Lebesgue Decomposition Theorem we can split Du into 
the sum of two mutually singular measures D a u and D s u where D a u is the absolutely continuous part 
of Du with respect to the Lebesgue measure C N , while D s u is the singular part of Du with respect to 
C N . By Vu we denote the Radon-Nikodym derivative of D a u with respect to the Lebesgue measure so 
that we can write 

Du = VuC N + D s u. 

The set S u of points where u does not have an approximate limit is called the approximated disconti- 
nuity set, while J u C S u is the so called jump set of u defined as the set of points x G f2 such that there 
exist u (x) G M. d (with u + (x) ^ u~(x)) and v u (x) G S N_1 satisfying 



lm l^T / \u(y) -u + (x)\dy = 0, 

{y£B e (x):(y-x)-v u (x)>0} 



e^O e N 



and 

lim ~n / _ u ~( x )\dy = o. 

J{yeB e (x);(y-x)-Mx)<0} 

It is known that J u is a countably H Af_1 -rectifiable Borel set. By Federer-Vol'pert Theorem (see 
Theorem 3.78 in [2]), H N - 1 (S U \ J u ) = for any u G BV(Q,;R d ). The measure D s u can in turn be 
decomposed into the sum of a jump part and a Cantor part defined by D J u := D s u\_ J u and D c u := 
D s u\—(il \ S u ). We now recall the decomposition of Du: 

Du = VuC N + (u + - u-) ® v u U N ~ x LJ„ + D c u. 

The three measures above are mutually singular. If T~L N ~ 1 (B) < +oo, then \D c u\(B) = and there exists 
a Borel set E such that 

C N {E) = 0, \D c u\{X) = \D c u\{X n E) 

for all Borel sets X C SI. 



3 Relaxation 

This section is devoted to the proof of the integral representation results dealing with the decoupled 
models described in the introduction. 

To prove Theorems 1.1 and 1.4 we will use the characterization for the relaxed functional of I\y ■ 
L 1 ^;^) — >RU{+oo} defined by 

{/ W(x,u(x),Vu(x))dx if u G W /1,1 (fi; M. d ), 
Jn (3.1) 
+oo otherwise. 
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The relaxed functional of Iw is defined by 

Iw( u ) '■= inf |liminf %(u„) : u n £ BV(tt; R rf ), u„ — > w in i x | 

and it was characterized by Fonseca-Muller in [17], provided (among other hypotheses) that W is qua- 
siconvex. In the next lemma we establish conditions to obtain the representation of Iw in the general 
case, that is, with W not necessarily quasiconvex. 

We will also use the following notation. The functional Iqw '■ — > KU {+00} is defined by 



Iqw(u) 



QW(x,u(x),X7u(x))dx if u e W^ityR 4 ), 
n (3.2) 

otherwise, 



and its relaxed functional is 

Iqw(u) := inf |liminf Iqw( u ti) '■ Un S BV(Q; R d ), u n — > u in Lj- 

We are now in position to establish the mentioned lemma and we notice that we make no assumptions 
on the quasiconvcxified function QW. 

Lemma 3.1. Let W : f2 x M. d x K rfxJV — > [0, +00) be a continuous function and consider the Junctionals 
Iw and Iqw o,nd their corresponding relaxed Junctionals defined as above. Then, iJW satisfies conditions 
(i) -r (iv) of Theorem 1.1, the two relaxed functionals coincide in BV(fl,M. d ) and moreover 



Iw( u ) = Iqw{ u ) — \ QW(x,u(x),Vu(x))dx + / ^y(x,u + ,u ,v u )dH 
Jn J.j u 



N-l 



Proof. First we observe that Iw(u) = Iqw(u), for every u G BV{VL-W). Indeed, since QW < W, it 
results Iqw ^ Iw- Next we prove the opposite inequality in the nontrivial case that Iqw{ u ) < +00. For 
fixed 5 > 0, we can consider u n € W 1 ' 1 ^; M d ) with u n — > u strongly in L 1 (i7;R d ) and such that 



Iqw{u) > lim / QW(x, u n (x), Vu n (x)) dx - S. 
n Jn 

Applying [11, Theorem 9.8], for each n there exists a sequence {u n ,k} converging to u n weakly in 
W 1 ' 1 ^;^) such that 



<> 



QW(x, u„(x), Vu n (x))dx = lim / W(x, u n ^(x), Vu n ,k{x)) dx. 



Consequently 



and 



Iqw(u) > limlim / W(x, u n k (x), Vu n ,fe(x)) dx - 5, (3.3) 
n k Jn 



limlim \\u„ t k - u\\ L i = 0. 



n k 

Via a diagonal argument, there exists a sequence {u„.fc n } satisfying u n ^ n — > u in -L 1 (fi; M. d ) and realizing 
the double limit in the right hand side of (3.3). Thus, it results 



Iqw(u) > lim / W(x,u nt k 7l {x),Vu n , kn (x)) dx - 5 > I w (u) - 5. 
n Jn 

Letting 5 go to the conclusion follows. 

Finally we prove the integral representation for Iqw and consequently for Iw ■ To this end we invoke 
[17, Theorem 2.16] (see also [2, Theorem 5.54]). 

By the hypotheses, and by Proposition 2.2 above, QW satisfies conditions (HI), (H2), (H3) and (H4) 
in [17], and condition (H5) follows from Proposition 2.7. Applying [17, Theorem 2.16] we conclude the 
proof. □ 
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Let I QW+V ■ W(0; R d ) x L q {tt; R m ) — > R U {+00} be the functional denned by 



Iqw+ v {u,v) := < 



and its relaxed functional as 



QW(x, u(x), Vu(x)) dx + / ip(x,u(x),v(x)) dx 
q Jn 

if (u, v) E (W 1 ' 1 ^; R d ) n D>(£1; R d )) x L q (Cl; 
-co otherwise, 



(3.4) 



Iqw+<p(u,v) := 

inf{liminf I Q w+ v {u n ,v n ) : (u n ,v n ) £ BV(fl;m d ) x L 9 (f2; R m ), w„ -> u in L 1 ,^ w in L 9 }. 

n 

We can obtain, as in the first part of the proof of Lemma 3.1, the following result. 



(3.5) 



Corollary 3.2. Let p > 1, q > 1 and let ft C R w . Assume W : ft x R d x R dxAr -> [0,+oo) and 
: ft x R d x R m — » [0, +oo) satisfying (i) -r (iv) o/ Theorem 1.1 and (v) of Theorem 1.1 respectively. 
Let 1 and L be defined by (1.1) and (1.3) respectively. Let 1qw+ v and Iq w +<p be as in (3.4) and (3.5) 
respectively, then 

7(u,v) = I QW+V (u,v) 
for every (u,v) £ W(ft;R d ) x L q (fl;W n ). 

Remark 3.3. We observe that, in the case 1 < p < +oo, 1 < q < oo, given W : ft x R d x R dxN — > R 
and (/J : ft X R d x R Tn — > R 7 Caratheodory functions satisfying (i) and (v) of Theorem 1.1 respectively, 
then, if one can provide that Cip is still Caratheodory, an argument entirely similar to the first part of 
Lemma 3.1, entails that 



L{u, v) = inf < liminf / (QW(x, u n , Vu n ) + Ctp(x, u n , v n )) dx : 

(u n ,v n ) £ W(ft;R d ) x L q (il;W m ),u n -> u in L 1 ,v n v in L q } 

where I is the functional defined by (1-3), QW and Cip are defined in (2.1) and (1.5). But we emphasize 
that since, assuming only (v) of Theorem 1.1 there may be a lack of continuity of Ctp(x, •, •) as observed 
in Remark 2.3, we focus just on the relaxation of the term J„ W(x,u, Vu) dx and we prove Lemma 3.1 
(see also Corollary 3.2) in order to be allowed to assume W quasiconvex without loosing generality. 

We are now in position to prove Theorem 1.1. 

Proof of Theorem 1.1. The proof is divided in two parts. First we consider the case q > 1 and then we 
consider q = 1. In both cases we first prove a lower bound for the relaxed energy / and then we prove 
that the lower bound obtained is also an upper bound for /. 

Prcliminarly we observe that by virtue of Corollary 3.2, Propositions 2.2, 2.6, 2.7 we can assume 
without loss of generality, that W is quasiconvex in the last variable. 

Part 1: q > 1. 

Lower bound. Let u £ BV(ft;R d ) n L p (ft;M d ) and let v £ L«(ft;R Tn ). We will prove that, for any 
sequences u n £ BV(fl;'M. d ) and v n £ L 9 (ft;R m ) such that u n — ► u in L 1 and v n — * v in L q , 

liminf /(u„,w„) > f W(x,u,Vu)dx+ f 1 {x,u + ,u~ ,v u ) dTi 1 *' 1 + f W°° ( x,u, d ° U A x) ) d\D c u\ + 
n ^+°° Jn Jj u Jn \ d\D c u\ J 

Ctp(x, u, v) dx. 



12 



Let u n and v n be two sequences in the conditions described above. Then, by [17, Theorem 2.16] 

dD c u 
d\D c u\ 



- I 7(. i, ) 



< liminf / H^(x, u n , Vw n ) dx. 



(3.6) 



Moreover, since we can assume liminf n u„, u„) da; < +oo, the bound on ||u„||lp provided by (v), 

the fact that u n — > u in and consequently pointwise, guarantee that u n — > u strongly in L p . 

Furthermore v n v weakly in L q and because of the lower semi-continuity of Ctpix, ■, ■) (cf. [12, Lemma 
4.3]), it results (cf. [16, Theorem 7.5] or [13]) 



Ctp(x, u, v) dx < liminf / Cip(x, u n , v n ) dx < liminf / tp(x, u n , v n ) dx. (3-7) 

n-H-oo J n rw+oo J Q 

Consequently, the supcradditivity of the liminf, gives the desired lower bound. 
Upper bound. Let u € BV{n-,R d ) n L p (n;R d ) and v 6 £9(ft;R m ). We will prove that 



n 



I(u,v) < I W(x,u,Vu)dx+ I ^(x,u + ,u~,v u )dH N ~ 1 + 



<> 



(3.8) 



constructing convenient sequences u n E BV(ft;R d ) such that u n — >• it in i 1 and u„ S L 9 (Q,R m ) such 
that v n — 1 u in i 9 . 

We can assume, without loss of generality, that 

W(x,u : Vu)dx + { 7 (:c,M + ,u-,!A t )tfH Ar - 1 + / tF°° (x,u,4^-^t) d\D c u\ + 
J.K Jn V d|L> c ii|/ 

(3.9) 

+ / Ctp(x, u, v) dx < +oo. 



In particular, from (v) it follows that u £ L p (f2;R d ). 

Moreover we suppose, without loss of generality, that W > and <p > 0. We will consider two cases. 

Case 1: u £ L°°(fl;R d ). 

Fix M £ N. We will prove that, for some constant c (independent of M), 

!(«,«) < [ W(x,u,\7u)dx + [ 1 {x,u + ,u-,v u )dU N - 1 + [ W°° (x,u, — r ) d\D c u\ + 
Jn Jj u Jn V d\D c u\J 

+ J Cip(x,u,v)dx + -^j. 

Then we get the desired inequality by letting M go to +oo. 
We proceed in three steps. 

Case 1, step 1: construction of a convenient sequence converging to u in L 1 (fi; R d ). 
Let {u n } be a sequence in W 1 ' 1 (Q;M. d ) such that u„ — > u in L 1 and 

lim / W(x, u n , Vu n ) dx = 
Jn 

= { W(x,u,\7u)dx + { - 1 {x,u + ,u-,v u )dn N ^ 1 + { W°° 1,11, ^ ) rf|£> c ti|. 

././„ Jo V d|D c u|/ 
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This exists by [17, Theorem 2.16]. Next we will truncate the sequence u n . 

Fix k such that e k — 1 > 2||u||l°o. Then, hypothesis (3.9) together with the coercivity condition of W 
on £, cf. (i), and the fact that ip > 0, imply that sup ||Vu n ||ii is bounded by a constant independent of 
the sequence u n . Thus 

^2 / (l + |V«„|)da; = / (1 + |Vu n |) <fo; 

»=0 Jiinefi: fc+'i<ln(l + |u„|)<fe+i+l} J {xECl: fe<ln(l + |«„ \)<k+M} 

< \n\ + sup ||Vu n ||ii 

n 

and so, for each n G N, we can find i = i(n) G {0, AI — 1} such that 

(1 + Wu n{x) \) dx < B±^y^ . (3.10) 

{x£f2: fe+i<ln(l+|u„|)<fe+i+l} 

For each n, and accordingly to the previous choice of i(n), consider r n : — > [0,1] such that r„ G 

cW), |<|<i, 

r n (t) = 1, if < i < fc + i(n) and r„(i) =0, if t > k + i(n) + 1. 

We can now define the truncated sequence. Let g n (z) '■= r„(ln(l + \z\)) z, and u n {x) = <?„(it„). Since in 
a neighborhood of the function r„(ln(l + | ■ Q) is identically 1, g n is a Lipschitz, C 1 function with 



Vg„(z) = 



r n (ln(l + |*|)) I + <(ln(l + 1*]))^^, if z £ 
I, if z = 



and |V5„(z) < c. So, by Theorem 3.96 in [2], u n G W^ 1 ' 1 (n;M d ), Vu„ = Vg n (u n )Vu n £ N and |Vu„| < 
c|Vw n | which is bounded in L 1 as observed above. Moreover ||u n ||L°° < e fc+»(re)+i _ i < e fc+M _ j an( ^ 
u n — > u in L 1 . Indeed, if u = then < ||it„||^i —t 0. If not 

||«n-'"||ii(n) = / \u n (x) -u(x)\dx+ 

J{x&n-. 0<ln(l+|u»|)<fe+i(n)} 

\u n (x) — u{x) \ dx+ 

{x£S2: fc+i(n)<ln(l + |u„|)<fc+i(n) + l} 

\u(x) \ dx 

{xeQ: ln(l + |u„ |)>fc+i(n) + l} 



< \\u n -u\\ L i(n)+ \u n (x) - u n (x)\ dx+ 

J {xeil: fc+i(n)<ln(l+|«„|)<fc+i(ra)+l} 

+ IK> - u\\ L i(ty + \\u\\ L ao(p) [{leU: ln(l + |u„|) > k + i(n) + 1}\ 



< 2\\u n - w|| L i(n) + / \u„(x)\dx+ 
+||«|U-(n) \{x G n : ln(l + |it„|) > fc + i(n) + 1}| 
these last terms converging to zero because u n — > u in L 1 and because of the following estimates: 



{xEQ: k+i(n)<ln(l+\u n \)<k+i(n) + l} 



< 


s 




J{xea-. 


< 


( e k+M 


< 


(e k+M 


< 


{e k+M 



({zGfi: \u n — u\ > ||«|U°°(n)}| 

\\Un ~ u\\ L i(n) 

IMU°°(n) 
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\{xen:\n(l + \u n \)>k + i(n) + l}\ = {x £ Q : \u n \ > e k+l{n)+1 - 1} 

< \{x £ Vt : \u n - u\ > \\u\\ L <x,(n)} 



< 



\\u n - U\\ L 1(Q) 



ll w lli~(n) 

So, we have, in particular, that u n converges to u in L 1 and u n clearly belongs to L p {Vl\ R d ) 

Case 1, step 2: construction of a convenient sequence {v n } weakly converging to v in L q . 
We have, by (v), [16, Theorem 6.68 and Remark 6.69 (it)], for any w £ L 1 (i7;IR ci ) 



Cip(x, w, v) dx = inf < liminf / ip(x, w, v n ) dx : {v n } C L q (fl; R m ), v n — 1 V in L q 

Jn 

whenever the second term is finite. 

Since q > 1 and thus L q (fl; W n ) is separable, we can consider a sequence {ipi} of functions, dense in 
L q '(n;R m ). 

Then, for each n £ N let £ L q {Q;R m ) be such that 



Cip(x,u n ,v) dx = lim / ip(x,u n ,v™) dx 



and 



i = 0, V i G N. 



lim 

3-S-+OC j n 

We then extract a diagonalizing sequence v n in the following way: for each n £ N consider j(n) increasing 
and verifying 



(p(x,U n ,Vj^) ~ C(f(x,U n ,v) 



dx 



< 



1 



(«"(„) ~ dx 



<-, 1 = 1, ...,n. 

n 



Define then v n = w", n s . We have v n bounded in the L q norm: 



C 



\v n \ q dx < C / ip(x, u n , v n ) dx < h C I C 'tp(x , u n , v) dx < C + C / ip(x,u n ,v)dx 

Jn 71 Jn Jn 

this last term being bounded because u n is a bounded sequence in L°° and because of the growth condition 
(v) on tp. 

Moreover the density of ipi in L q ensures that v n v in L q . Indeed, let ijj £ L q (Q;M. m ) and let 6 > 0. 
Consider I £ N such that \\ifii — V'IIl?' < ^- Then, for sufficiently large n, 



(v„ — v)ip dx 



< 



(v n - v)(ip - ipi) dx 



(v n - v)ijji dx 



<\\v n - v\\ L i\\ipi - i/>\\ Lq ' + 6 <cS + S. 



Case 1, step 3: upper bound for /. 
Start remarking that 



limsup / f(x, u n , v n ) dx < J Cf(x,u,v) dx. 
n->+oo Jn 



Indeed, 



limsup / (p(x,u n ,v„) dx = limsup / ((f(x, u n , v n ) — Cip(x, u n , v) + Cf(x, u n , v)) dx 

n— > + oo JQ n^+oo JQ 



< limsup [ — h J Cip(x,u n ,v) dx 
n-t+oo \n Jq 
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As observed in Remark 2.3, C(p(x, -,v) is upper semi-continuous. By the pointwise convergence of u n 
towards u (up to a subsequence), we have 

limsupCV>(a;,u n ,?;) < C<p(x,u,v). 

n— >-\-oo 

Moreover the fact that u n is bounded in L°° and the hypothesis (v) allows to apply the "inverted" Fatou's 
lemma and get the desired inequality. 
Now we have 



/ W(x, U n , Vu n ) dx = j 
Jn J{a 



W(x, u n , Vu n ) dx+ 

eii: 0<In(l+|u„|)<fe+i(ri)} 

/ W(x, u n , Vu„) dx+ 

J {xett: fe+i(n)<ln(l + |ii„|)</c+i(n) + l} 

W(x,0,0)dx 

{xGQ: ln(l+|« n |)>fc+i(ra)+l} 



< / W(x, u n , Vit„) dx + / C(l + \Vu n \)dx+ 

Jn J{x£Q: fc-(-i(n)<ln(l+|un|)<fe+i(n.)+l} 

+C \{x eft : ln(l + \u n \) >k + i(n) + 1} 

(where it has been used the growth condition (i). Using the expression of u n , by [2, Theorem 3.96], we 
have |Vu„| < c|Vw„| and so, using (3.10), we get 

v f nt-\ i ivy- \\a / 1^1 +sup||Vw n ||Li c 
hmsup / 6(1 + |Vu n [) dx < c 



n-y+oc J{xen-. fe+i(n)<ln(l+|« n |)<fe+i(n)+l} ™ M 

(note that c is independent of n and of the sequence u n , and it doesn't represent always the same 
constant) . 

Moreover, since |{x € ^ : ln(l + \u n \) > k + i(n) + 1}| — > as n — > +oo (as already seen in the case 
where |M|l°° ^ 0) we get, 

limsup / W(x, u n , Vu„) dx < lim / W(x, u n , Vu n ) dx + — . 
n^+oo Jn n ^+' x >Jn M 

Note that if u = we can still get \{x e : ln(l + \u n \) >k + i(n) + 1}| -» 0: 

\{xett: ln(l + |u„|) > k + »(n) + 1}| < \{x G ft : K| > e fc+1 - 1}| < -> 

since it n — >■ in £ . 
Finally, we get, as desired, 

I(u,v) < liminf / W(x, u n , Vu„) dx + / (p(x,u n ,v n ) dx 

< limsup / W(x,u n , Vu„) c?x + limsup / (p(x,u n ,v n ) dx 
n— >+oo Jn n— >+oo Jn 

W(x,u,Vu)dx+ { 7(i,u + ,ii-,i/ M )(iH JV " 1 + / W°° (x,u, ) d\D c u\ + 

n Jj u Jn \ d\D c u\J 

+ — + / Cip(x,u,v) dx. 



AI 



1! 



Case 2: arbitrary u € £F(Q; R d ) n L p (ft; R d ). 
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To achieve the upper bound on this case, we will reduce ourselves to Case 1 by means of a truncature 
argument developed in [17, Theorem 2.16, Step 4], in turn inspired by [3, Theorem 4.9]. We reproduce 
the same argument as in [17] for the reader's convenience. 
Let cf> n G C 1 (R <i ;R <i ) be such that 

<t> n {y) = yii yeB n (0), ||V0„|| L< » < 1, 

and fix u G BV(n;R d )r\LP(n;R d ). 

As proven in [3, Theorem 4.9], directly from the definitions and properties for the approximate dis- 
continuity set and the triplets {u + ,u~ ,v u ) (see Subection 2.2), it results that 

(</>„(u) + ,0 n (w)",z^, n ( u )) = {<j) n {u + ) 1 4> n {u" ),v u ) in J^ n („). 



Moreover one has 
Consequently 



\D<j> n (u)\{B) < \D(u)\(B), for every Borel set Bell. 



(3.11) 



4> n {u) G BV{n- R d ) n L°°{ri; R d ). 
Since 4> n (u) — > u in L , by the lower semicontinuity of / (since q > 1) and by Case 1 we get 



I{u, v) < liminf 



W(x,<t> n (u),V(j> n (u))dx + / 7(x, 4> n {u) + , 4> n (u) ,v c / >a ^)d'H 



N-l 



+ [ W°° (x 1 4> n {u) 1 ^}^l\ \d\D c Mu)\+ f C V {x,4> n {u\v)dx 
Jn V d \ D (<Pn{u))\J Jn 

By the upper semicontinuity of 7 in all of its arguments as stated in [17, (c) of Lemma 2.15] and by the 
fact that j(x,a,b,v) < C\a - b\ for every (x,a,b,v) e Q x R d x R d x S N ~ 1 (sec [17, (d) Lemma 2.15]) 
and the properties of <f> n we have 

j(x,(j) n (u + ),<p n (u'),v u ) < C\u + - u~\, 

and so, by Fatou's Lemma we obtain 



n— >-foo J j 



limsup / j(x, <j> n (u) + , <f> n {u) ,v u )dT-L < / j(x,u + ,u ,v u )dH 



iN-1 



Moreover we have 



limsup / Ctp(x, 4> n {u), v) dx = / Cip(x,u,v)dx 
)i->+oo jsi Jn 



(3.12) 



Indeed, as already observed in step 2, Cip(x,-,v) is upper semicontinuous and <p n (u) is pointwise con- 
verging to u and thus we can apply the inverted Fatou's lemma. 
For what concerns the other terms, setting tt n := {x G f2 \ J u : \u(x)\ < n}, we have 

limsup / W{x 1 (j) n {u) 1 V4> n {u)) dx = 
n— >+<x> Jn 



lim sup 

1 1 — > n- 00 



W(x, n (u), S7(j) n (u))dx + / W(x, 4> n (u), V(j) n (u))dx 

J(n\n n )\j u 



< / W(x,u,Vu)dx + ]hnsupC[\n\n n \ + \D<f> n (u)\{{n\n n )\J u )} 

Jn n— >+oo 
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On the other hand by (3.11) we deduce that 



limsup \D4> n {u)\((Vt \ n n ) \ J u ) < limsup \Du\(n \ (fi„ U J u )) = 

n— >+oo n— >+oo 



and so 



Similarly 



limsup / W(x, 4>n{ u )i V0„(u)) dx < / W(x, u, Vm) dx. 

ri-s-+oo Jfi Jn 

limsup f W°° (x,$ n {u), ^1^1 ) d \ DC Mu)\ = 
n^+oo Jn V d\D c <p n {u)\J 

= limsup f (xMu), ^Zi^i ) d\D c Mu)\ + 

n-y+oo Jn n V d\D c (j) n (u)\ J 

+ limsup f W°° (xMu), ^y.^l ) d\D c <j> n {u)\ < 

l(u\n n )\j u V d\D c (t> n (u)\J 



1 1 —t -p DO 



< / w~(a,u > -^^^d|i? c tt| + aiimsup[|i?^ n («)|((n\n n )\j„)] = 

This finishes the proof. 
Part 2: q = 1. 

Lower bound. Let u £ R d ) n L p (ft; R d ), u G L^tyR" 1 ), u„ G W(ft;R d ) and w„ G L^fijR" 1 ) 

such u n -> h strongly in L 1 and i>„ — v u in L . Then by Lemma 3.1 exactly as in the case q > 1, (3.6) 
continues to hold. Moreover [8, Theorem 1.1], ensures that 



Cip(x, u, v) dx < liminf / ip(x, u n , v n ) dx. 

Again the lower bound follows from the superadditivity of the liminf. 

Upper bound. Let u G BV{tt; R d )nL p (ft; R d ) and v G L x (fi; R m ). We aim to prove (3.8), constructing 
convenient sequences u n G BV(f2;R d ) and v n G L 1 (0;R m ) with u n — > u in L 1 and w„ — 1 i> in L 1 . 
Case 1. As in the case q > 1 we first assume that u G L°°(£l;R d ) and develop our proof in three steps. 
Case 1, step 1. The step 1 is identical to Case 1, step 1 proven for q > 1. 

Case 1, step 2. For what concerns this step, we prcliminarly consider a continuous increasing function 
9 : [0, +oo) -> [0, +oo) such that 

lim = +00 . (3.13) 

t-H-oo t 

Then consider a decreasing sequence e — > and take the functional i 6 : BV(£l; M. d ) x L 1 (il;M m ) — > 
R U {+00} , defined as 

I e (u,v) :=I(u,v)+e [ 9{\v\)dx. (3.14) 



Let C(ip(x,u, ■) + eQ(\ ■ I)) be the convexification of ip(x,u, ■) + e0(\ ■ ) as in (1.5). 
By [16, Theorem 6.68 and Remark 6.69], we have that for every w G L 1 (fi;R m ) 

CUp(x, w, v) + e0(\v\)) dx = inf < liminf / Up(x, w, v n ) + e0(\v n \)) dx : v n — * v in L 1 > 

whenever the second term is finite. Moreover the left hand side coincides with the sequentially wcakly-L 1 
lower semicontinuous envelope. Consequently for every n G N, let u n be the sequence constructed in Case 
1, step 1 and let u™ G L 1 (^; R m ) be such that v™ — * v in L 1 as j — > +00 and 



C((p(x,u n ,v) +s6(\v\))dx = lim / ((p(x,u n ,v^) + e0(\v^\)) dx. 
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The proof now develops as in [16, Proposition 3.18]. The growth condition (v) and the fact that u n is 
bounded in L°° and thus in L 1 , entails that there exists a constant M such that 



sup f 9(\v™\) dx < M. 



(3.15) 



We observe that the growth conditions on 9 guarantee that sup n)J - e pj ||v"||li(si) < C(M). Moreover the 
separability of Co (51) allows us to consider a dense sequence of functions {ipi}- 

Next, mimicking the argument used in the analogous step for q > 1, for every e > we construct a 
diagonalizing sequence v n as follows. For each neN consider j(n) increasing and such that 



(^,«„,^ (n) )+e0(|^„ ) |)-C(^( a; ,u„,«) + ^(| u |)) 



dx 



< 



( V j(n) ~ V )^l dx 



<-,l = l,...,n. 



Define v n := f™( n ) . The bounds on 9, the fact that u n is bounded in L 1 and the separability of Co(O) guar- 
antee that v n — 1 v in and moreover, (3.15), Dunford-Pettis' theorem entail that the convergence 
of v n towards v is weak-L 1 . 

Case 1, step 3. Arguing as in the first part of Case 1, step 3 for q > 1, we can prove that 



lim sup / ((p(x, u n , v n ) + e9(\v n \)) dx < j C(ip(x, u, v) + eO(\v\)) dx. 

n— 5-+oo JQ 



Next we define 



I e (u,v) := inf{liminf I e (u n ,v n ) : (u n ,v n ) G BV(n;R d ) x L^fi; R m ), u n -)• u in L 1 , v„ 

n— )-+oo 

The same argument of the last part in Case 1, step 3, for g > 1, allows to prove that 



I e (u,v) < / W{x 1 u, Vw) dx + / 7(x,m + ,m 1 v u )d'H 



iN-l 



+ 



+ / W°° [x,u, 



dD c 



d\D c u\ 



d\D c u\ 



v in L 1 }. 

(3.16) 



(3.17) 



C(ip(x,u,v) +e9(\v\)) dx 



for every u G W(Q; R d ) n L°°(fi;IR d ) and u G L x (0; E m ). On the other hand we observe that the 
sequence I E (u, v) is increasing in e and I < I E for every e. Moreover by virtue of the increasing behaviour 
in e of (p + e9, invoking [16, Proposition 4.100] it results that for every (x, n)eOx R d , we have 

inf C (y(x, u, v) + s9(\v\)) = lim C (tp(x, u, v) + e9(\v\)) = Cip{x, it, v). 
Thus applying Lebesgue monotone convergence theorem we have 
I(u, v) < lim I e (u, v) = lim I / W-^a;, w, Vm) cix + / j(x, u + , u~ , v u ) dH N ~ 1 + 

e-s-0 e->0 \./o 7 i 



d\D c 



d\D c u\+ / C(v?(x,w,w) +e6»(|w|)) 



W(x,u,X7u)dx+ [ 1 {x,u + ,u-,v u )dH N - 1 + [ W°° ( x,U, ^ U , ) d\D c u\ 
Jj n Ja V d\D c u\J 

for every (u,v) G (BF(fJ; M d ) n L°°(fl; R d )) x L 1 (fi;R OT ). 

Case 2. Now we consider u G BV(n;R d ) n ^(fi;^) and w G L 1 (fi;R m ). 



Cip(x, u, v) dx, 
(3.18) 
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To achieve the upper bound we can prcliminarly observe that, a proof entirely similar to [16, Proposi- 
tion 3.18], guarantees that for every e > 0, the functional I £ (u, v), defined in (3.16) is sequentially weakly 
lower semicontinuous with respect to the topology L 1 (Q; R d ) s trong X L 1 ^; IR m ) wea k. Thus, arguing exactly 
as in the Case 2, for q > 1, we have that 



d\D c u\ 



I e {u,v) < I W{x,u,Vu)dx + I 1 { : x,u + ,u-,v u )d'H N - 1 + / W°° ( x,u, ) d\D c u\ 

Jn J j„ Jn 

+ / C(ip(x,u,v) +e9(\v\))dx. 
Jn 



(3.19) 

Finally the monotonicity argument for e invoked in the Case 1, step 3 for q = 1 can be recalled also in 
this context leading to the same inequality in (3.18) for every u G BV(fl; R d ) (~l L p (£l; M. d ) and for every 
v G L 1 ^; W n ), and that concludes the proof of (3.8). □ 

Now we present the proof of Theorem 1.4, which is much easier than the latter one, since, by virtue of 
the continuous embedding of BV(fl;M. d ) in L"- 1 (fi; R d ), it does not involve any truncature argument. 

Proof of Theorem 1.4- We omit the details of the proof since it develops in the same way as that of 
Theorem 1.1. First we invoke Corollary 3.2 and assume without loss of generality that W is quasiconvex 
in the last variable. Then we prove a lower bound for the relaxed energy and finally we show that the 
lower bound is also an upper bound. As in Theorem 1.1 we may consider two separate cases: q > 1 and 

g=l. 

Lower bound for the cases q = 1 and q > 1 . The proof of the lower bound is identical to that of Theorem 
1.1. 

Upper bound, case q > 1. Let it G BV(fl;R d ) and v G L 9 (ft;R m ). We can assume 

/ W(x,u,Vu)dx+ [ 7 (x,w + , W -,^)dH Ar - 1 + / W°° ( Xl u,^^-\d\D c u\ + 
Jn Jj u Jn V d\D c u\J 

+ / C<p(x, u, v) dx < +oo. 



■Jn 

Without loss of generality, we assume also that W and ip > 0. Applying Lemma [17, Theorem 2.16], 
we can get a sequence {u n } in M /1,1 (f2;R d ) such that u„ —> u in L 1 and 

lim / W(x, u n , Vit n ) dx = / W{x, u, Vit) dx + / 7(2;, u + , u~, v u ) d'H N ~ 1 + 
Jn Jn Jj u 

We observe that, by the coercivity condition on W and by (3.20), Vu n is bounded in L . Moreover, 
the continuous embedding of BV(Q;R d ) in L«^r (CI; R d ), imply that u n is bounded in L (Q; R d ) and 
thus in L p (Cl; R d ) since we are assuming 1 < p < jf^j- 

Then, as in the proof of Theorem 1.1, Case 1, step 2, q > 1 we can construct a recovery sequence v n 
using the relaxation theorem [16, Theorem 6.68] and the same diagonalizing argument. We emphasize 
that there is no need to make a preliminary truncature of the recovery sequence it„. Indeed, to ensure 
that v n is bounded in L q (fl;K. rn ) (required to obtain the weak convergence of v„ towards v in L q ) it 
suffices to use the growth condition of ip and the fact that u n is bounded in LP . 

Therefore it is possible to get v n — ^ v in L q and such that 



limsup / ip(x,u n ,v„) dx < / Cip(x,u,v) dx. 
n-s-+oo Jn Jn 

The upper bound then follows by the sub-additivity of the limsup. 
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Upper bound, case q = 1. In analogy with the case q > 1 there is no need of truncature because of the 

N 

continuous embedding of BV inL™-'. As for Theorem 1.1 it suffices to approximate the functional I by I e 
in (3.14) and consequently it is enough to use, for the correspective relaxed functional, the diagonalization 
argument adopted in Theorem 1.1, Case 1, step 2 for q = 1 via an application of Dunford-Pettis' theorem. 
Finally the monotonicity behaviour in e of I e , the approximation of the energy densities allowed by [16, 
Proposition 4.100] and the Lebegue monotone convergence theorem conclude the proof. □ 

Acknowledgements The authors would like to thank Irene Fonseca and Giovanni Leoni for their 
invaluable comments on the subject of this paper and acknowledge the Center for Nonlinear Analysis, 
Carnegie Mellon University, Pittsburgh (PA) for the kind hospitality and support. 

A.M. Ribeiro thanks Universita di Salerno and E. Zappale thanks Universidade Nova de Lisboa for 
their support and hospitality. 

The research of A. M. Ribeiro was partially supported by Fundagao para a Ciencia e Tecnologia (Por- 
tuguese Foundation for Science and Technology) through the Pos-Doc Grant SFRH/BPD/34477/2006, 
Financiamcnto Base 2010-ISFL/1/297 from FCT/MCTES/PT. The research of both authors has been 
partially supported by Fundacao para a Ciencia e Tecnologia (Portuguese Foundation for Science and 
Technology) through UTA-CMU/MAT/0005/2009 and PTDC/MAT/109973/2009. 

References 

[I] L. Ambrosio & G. Dal Maso, On the Relaxation in £?U(f2;R m ) of Quasi-convex Integrals, Journal 
of Functional Analysis, 109, (1992), 76-97. 

[2] L. Ambrosio, N. Fusco & D. Pallara, Functions of Bounded Variation and Free Discontinuity 
Problems, Clarendon Press, Oxford, (2000). 

[3] L. Ambrosio, S. Mortola & V. M. Tortorelli, Functional with linear growth defined on vector 
valued BV functions, J. Math. Pures Appl., IX. Ser. 70, No. 3, (1991), 269-323. 

[4] J.-F. Aujol, G. Aubert, L. Blanc-Feraud & A. Chambolle, Image decomposition into a 
bounded variation component and an oscillating component, Journal of Mathematical Imaging and 
Vision, 22 (1), (2005), 71-88. 

[5] J.-F. Aujol, G. Aubert, L. Blanc-Feraud & A. Chambolle, Decomposing an image: Appli- 
cation to SAR images, Scale-Space '03, Vol. 2695 of Lecture Notes in Computer Science, (2003), 
297-312. 

[6] J.-F. Aujol & S.H. Kang, Color image decomposition and restoration, Journal of Visual Commu- 
nication and Image Representation, 17, No. 4, (2006), 916-928. 

[7] J. F. Babadjian, E. Zappale & H. Zorgati, Dimensional reduction for energies with linear growth 
involving the bending moment, J. Math. Pures Appl. (9), 90, No. 6, (2008), 520-549. 

[8] A. Braides, I. Fonseca & G. Leoni, A-quasiconvexity: relaxation and homogenization, ESAIM: 
Control, Optimization and Calculus of Variations, 5, (2000), 539-577. 

[9] G. Carita, A.M. Ribeiro & E. Zappale, An homogenization result in W 1,p x L q , J. Convex Anal, 
18, No. 4, (2011), 1093-1126. 

[10] G. Carita, A.M. Ribeiro & E. Zappale, Relaxation for some integral functionals in W^' p x L^, 
Bol. Soc. Port. Mat., 2010, Special Issue, 47-53. 

[II] B. DACOROGNA, Direct Methods in the Calculus of Variations, Second Edition, Applied Mathemat- 
ical Sciences, 78, Berlin: Springer, xii, (2008), 619 p. 

[12] G. Dal Maso, I. Fonseca, G. Leoni & M. MORINI, Higher order quasiconvexity reduces to 
quasiconvexity, Arch. Rational Mech. Anal, 171, No. 51, (2004), 55-81. 



21 



[13] I. Ekeland & R. Temam, Convex analysis and variational problems, Studies in Mathematics 
and its Applications, Vol. 1. Amsterdam - Oxford: North- Holland Publishing Company; New York: 
American Elsevier Publishing Company, Inc. IX, 402 p., (1976). 

[14] I. Fonseca, D. Kinderlehrer & P. Pedregal, Relaxation in BV x L°° of Junctionals depending 
on strain and composition, Lions, Jacques-Louis (ed.) et al., Boundary value problems for partial 
differential equations and applications. Dedicated to Enrico Magenes on the occasion of his 70th 
birthday. Paris: Masson. Res. Notes Appl. Math., 29, (1993), 113-152. 

[15] I. Fonseca, D. Kinderlehrer & P. Pedregal, Energy Junctionals depending on elastic strain 
and chemical composition, Calc. Var. Partial Differential Equations, 2, (1994), 283-313. 

[16] I. Fonseca & G. Leoni, Modern Methods in the Calculus of Variations: L p Spaces, Springer 
(2007). 

[17] I. Fonseca & S. Muller, Relaxation of quasiconvex functionals in BV(Q;M. P ) for integrands 
f{x,u,Vu), Arch. Rational Mech. Anal., 123, (1993), 1-49. 

[18] I. Fonseca & P. Rybka, Relaxation of multiple integrals in the space BV{Sl,W), Proc. R. Soc. 
Edinb., Sect. A 121, No. 3-4, (1992), 321-348. 



22 



